
6 ZH. P R I K L .  MEKH.  I T E K H N .  F I Z .  J U L Y - S E P T E M B E R  1965 

THE I N F L U E N C E  OF  VISCOSITY A N I S O T R O P Y  ON T H E  P L A N E - P A R A L L E L  
F L O W  OF AN I O N I Z E D  M E D I U M  IN A C O P L A N A R  M A G N E T I C  F I E L D  

E. G, Sakhnovsk i i  

Z h u r n a l  P r i k l a d n o i  Mekhan ik i  i T e k h n i c h e s k o i  F i z ik i )  No. 3, pp. 1 1 - 1 8 ,  1965 

The author investigates the influence of anisotropy of the viscosity 
coefficients on the motion of an ionized medium between parallel 
plates with a magnetic field having components in the flow plane 
only. It is assumed that the compressibility of the medium may 
be neglected, as well as the temperature dependence of the transport 
coefficients, also that the degree of ionization may be regarded as 
constant. It is shown that taking Larmor rotation of the ions into ac- 
count leads to a considerable complication of the flow pattern, as 
distinct from the case when the ions do not possess spiral paths, and 
the coplanar magnetic field exerts no influence on the motion of the 
medium. In particular, the viscous force introduces a transverse ve- 
Iocity component. 

1 .  S t a t e m e n t  of  t he  p r o b l e m .  The  m o t i o n  of an i n -  
c o m p r e s s i b l e  m e d i u m  w h i c h  is  a m i x t u r e  of  e l e c t r o n ,  

ion,  and n e u t r a l  g a s e s  wi th  a c o n s t a n t  d e g r e e  of i o n i -  
z a t i on  m a y  be d e s c r i b e d  by the f o l l o w i n g  s y s t e m  of 
e q u a t i o n s ,  d e r i v e d  in [1, 2] :  

p [ ~  -k (uv)  u] = --- V p - -  div z~ + j •  

Zs' VP) + j+ (j• 

rot E = - -  - -  

d i v u  ---- O, 

- } - ~ v P Z S  :<B ]42~s_ ( sd ivz r__d ivzh ) •  ] =  

= ~o (E + u • B), 

0B B 
rot - -  = j, div eoE = Pc, Ot ' lto 

(Tf1-1 = TCi -1  ~ -  'l~ea-1) , 

div B = 0 

(1.1) 

H e r e  u i s  t h e  v e l o c i t y ,  p t he  p r e s s u r e ,  0 t he  d e n -  
s i t y ,  s the  d e g r e e  of i o n i z a t i o n  of  the  m e d i u m ;  ~ a n d  
vi a r e  the  v i s c o u s  s t r e s s  t e n s o r s  of  the  m i x t u r e  as  
a who le ,  and of i t s  i on ic  c o m p o n e n t ,  e x p r e s s i o n s  f o r  

wh ich  w e r e  o b t a i n e d  in  [1]; B i s  the  m a g n e t i c  i n d u c -  
t ion  v e c t o r ,  E i s  the  e l e c t r i c  f i e l d  s t r e n g t h  v e c t o r ,  
j i s  t he  c u r r e n t  d e n s i t y  v e c t o r ,  Pe  is  the  v o l u m e  
c h a r g e ,  ~0 and 8o a r e  the  m a g n e t i c  and e l e c t r i c  c o n -  
s t a n t s ,  We and  w i a r e  the  c y c l o t r o n  f r e q u e n c i e s  of 
the  e l e c t r o n s  and  i ons ,  o 0 = c o n s t  i s  the  c o n d u c t i v i -  
ty  of  the  m e d i u m  wi thou t  m a g n e t i c  f i e ld ,  77~1flis 
the  e f f e c t i v e  c o l l i s i o n  f r e q u e n c y  of  p a r t i c l e s  of 
t y p e s  a -  and f l - ( a ,  13 = e, i, a e l e c t r o n ,  ion,  and 
n e u t r a l ,  r e s p e c t i v e l y ) ,  and Z is  t he  c h a r g e  n u m b e r  . 

We s h a l l  c o n s i d e r  a c h a n n e l  f o r m e d  by two  i n -  
f i n i t e  p l a t e s  a r r a n g e d  in p l a n e s  z = =~ a, in wh ich  

the  m o t i o n  of  the  i o n i z e d  m e d i u m  is  i n d u c e d  e i t h e r  
by a p r e s s u r e  d i f f e r e n t i a l  in  the  d i r e c t i o n  of t he  
x a x i s ,  o r  by the  m o t i o n  of the  uppe r  p l a t e  in the  
s a m e  d i r e c t i o n  (Coue t t e  f low).  We s h a l l  a s s u m e  tha t  
the  e l e c t r o m a g n e t i c  f i e ld  and the  v e l o c i t y  depend  on 
the  t r a n s v e r s e  c o o r d i n a t e  and t i m e  only  d / d x  = 
= d / d y  = 0. T h e n  f r o m  the  h y d r o d y n a m i c  e q u a t i o n  of 
c o n t i n u i t y  and the  f a c t  tha t  the  gas  cannot  p e n e t r a t e  
the  w a l l s  of  the  channe l ,  we ob ta in  u z =- 0. F r o m  M a x -  
w e l l ' s  f i r s t  e q u a t i o n  and  the  b o u n d a r y  c o n d i t i o n  i m -  
p l y i n g  the  a b s e n c e  of a n o r m a l  c o m p o n e n t  of the  
m a g n e t i c  i n d u c t i o n  v e c t o r  we  h a v e  B z ----0. F i n a l l y ,  
f r o m  M a x w e l l ' s  s e c o n d  equa t ion*  we  h a v e  Jz - 0 .  We 
w r i t e  the  r e m a i n i n g  c o m p o n e n t s  of  e q u a t i o n s  (1.1) on 
the  c o o r d i n a t e  a x e s  in d i m e n s i o n l e s s  f o r m ,  and to  do 
t h i s  we i n t r o d u c e ,  f r o m  c o n s i d e r a t i o n s  of the  p h y s i c s  
of the  p r o b l e m ,  the  q u a n t i t i e s  

z, u, t, P~ = - -Op / Ox, B, E~i E~, E~, i, Op / Oz, 9~ 

as  c h a r a c t e r i s t i c  d i m e n s i o n s  fo r  

a, Uo, a l Uo, pUoZ / a, Bo, Eo, Uo Bo, e~oEo, ~oEoBo, eoBoUo i a. 

Then,  w r i t i n g  down the  c o m p o n e n t s  of  the  v i s c o u s  
s t r e s s  t e n s o r  wi th  the  he lp  of the  f o r m u l a s  of [1], we  
ob ta in  fo r  the  c o m p o n e n t s  of  the  e q u a t i o n  of  m o t i o n  

at R Oz L .2 oz .~ Oz j = p~' 

o-~ -k  ~ -  ~ L N o~ B~ 0, oz J 

Uoap Mz = Bo2a ~ ~ 7  

Eo ~1 (g) 
a = u-0~U ' n~ - ~l(,, ) , k = I, 2, 3) (1.2) 

The  d i m e n s i o n l e s s  p r e s s u r e  d i f f e r e n t i a l  P x  m a y  
d e p e n d  on t i m e  on ly  in the  g e n e r a l  c a s e ;  in add i t ion ,  

i t  i s  a s s u m e d  f o r  s i m p l i c i t y  tha t  5 p / 6 y  =- 0. The  
f o r m u l a s  fo r  ~ - t h e  r e d u c e d  c o e f f i c i e n t s  fo r  the  
v i s c o s i t y  of a p a r t i a l l y  i o n i z e d  gas  in a s t r o n g  m a g -  
n e t i c  f i e l d  [1], r e l a t i v e  to t he  v i s c o s i t y  c o e f f i c i e n t  
~(0) = c o n s t  of gas  d y n a m i e s ( B  = 0 ) -  h a v e  the  f o r m  

*In [5] i t  i s  a s s u m e d  tha t  Jz = c o n s t  r 0, wh ich  
c o n t r a d i c t s  t he  s u p p o s i t i o n  tha t  the  m a g n e t i c  f i e l d  
d e p e n d s  on ly  on the  t r a n s v e r s e  c o o r d i n a t e .  
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(O(ri  = ZeBo = ~]a/n(0)) ( 1 . 3 )  
t r t~-  Ti '  s 

w h e r e  the  d i m e n s i o n l e s s  p a r a m e t e r  *o i7 i c h a r a c -  
t e r i z e s  t he  a n i s o t r o p y  of the  v i s c o s i t y  c o e f f i c i e n t s  

(m i i s  the  m a s s ,  Ze is  the  i on i c  c h a r g e ;  "ri i s  a s -  
s o c i a t e d  wi th  the  t i m e  b e t w e e n  a l l  p o s s i b l e  ion  c o l -  

l i s ions*) .  The  d e p e n d e n c e  of  the  r e d u c e d  v i s c o s i t y  
c o e f f i c i e n t  f o r  ~ i s o l a t e d  ~ n e u t r a l s  e a on the d e g r e e  

of  i o n i z a t i o n  fo r  Z = 1 m a y  be  r e p r e s e n t e d  by the  

a p p r o x i m a t e  f o r m u l a  

(t - -  ~) (s + ~)~ 
% ~ is (t - -  ~) + ~ (t + s~)] [s (t + B) + ~1 

(~ ~ lo-~ -- 1o-~) (1.4) 

in a c c o r d a n c e  w i t h ~ e  e s t i m a t e s  of [6]. 
We s e e  f r o m  (1.3) and (1.4) tha t  fo r  both  s = 0 

( o r d i n a r y  h y d r o d y n a m i c s ) a n d  f o r  a~i"r i << 1 ( a b s e n c e  
of L a r m o r  g y r a t i o n  of ions)  we have  ~l = r/2 = 1, ~ = O, 
and the  f i r s t  two e q u a t i o n s  of s y s t e m  (1.2) a s s u m e  
the  f o r m  

Ou x I O~ux Px,  Ouu 1 O~au - -  0 (1.5) 
Ot R Oz ~ - -  Ot R Oz~ " 

B e c a u s e  o f  t he  h o n l o g e n e i t y  of t he  i n i t i a l  and 
b o u n d a r y  c o n d i t i o n s  fo r  uyboth  fo r  Coue t t e  f low P x  
= 0 and  in f low wi th  a g i v e n  p r e s s u r e  g r a d i e n t  we 
ob t a in  u ~-0. Thus ,  the  p r e s e n c e  of  a c e p l a n a r  v 
m a g n e t i ~  f i e l d  wi th  s ~ 0 l e a d s  on ly  to  the  a p p e a r -  
a n c e  of  a g r a d i e n t  d p / d z ,  b a l a n c i n g  the  p o n d e r m o t i v e  
f o r c e .  T a k i n g  a c c o u n t  of the  a n i s o t r o p y  of  the  v i s -  
c o s i l y  c o e f f i c i e n t s  i n t r o d u c e s  an  a d d i t i o n a l  c o n t r i -  

bu*ion to t he  g r a d i e n t  m e n t i o n e d  a s  a c o n s e q u e n c e  
of  the  a p p e a r a n c e  of a t r a n s v e r s e  v i s c o u s  f o r c e ,  and  
a l s o  g i v e s  r i s e  to a m o t i o n  of  the  m e d i u m  in a d i -  
r e c t i o n  o r t h o g o n a l  to the  a p p l i e d  e x t e r n a l  f o r c e .  

The  c u r r e n t  d e n s i t y  c o m p o n e n t s  Jx and j a r e  d e -  �9 y 
t e r m i n e d  f r o m  the  c o m p o n e n t s  of  the  g e n e r a l i z e d  
O h m ' s  l aw on the  x and y a x e s  

1 
/'z = t + 2 (1 - -  s) ~ o(~iat%ToB~ • 

~8~e'go ~ 2 2 

Z~ {B Op %zo Bx~p~) 
+ BxBuEu + ~ \ u Oz GN 

B u 0 Ou u Ou x 
( t - - s )  G M  ~ Oz ( ~  ( B x  B u  

t 
J'Y ~ t -J- 2 ( t  - -  s) ~ o(~faO)e'goBZ X 

+ Bu2Eu 

Z s  Oe"~ o 

-+ 

,n~*~  - -  ~ g - - ] .  ( 1 . 6 )  
Bo~.~oa 

\ -  

* H e r e  -r i c o r r e s p o n d s  to t he  q u a n t i t y  "r io  of  [1]. 

The  t h i r d  c o m p o n e n t  of  Ohm~s law g i v e s  an e x -  

p r e s s i o n  fo r  the  t r a n s v e r s e  i nduced  e l e c t r i c  f i e ld  

I .  Zs  Op ) 
E~ = u~B~ - -  ufll!~ + %'~oG ~ ]xB~ - -  ]'!~B~ I -~- Zs Oz 

Zs B,j 0 X 
- - 2 ( l - - s )  2 o ~ . % v 0  (~ i Zs) N B ~ s  ( I - - ~ ) M ~  Oz 

[ ( s q a -  ~]a ~) Bu ~ + (s~]e - -  rle ~) B x  ~ Ou x B x B  u 
x [ B~ dz  B "  

�9 i ,  0%7 
x (snr - n~ ~ - -  sn.~ + n~ ) ~ - J  + 

BxBu OUx ~[ 

(Tlhi= t i t (a) /@ ~ k = O, 1, 2, 3) .  ( 1 . 7 )  

The  f o r m u l a s  fo r  the  r e d u c e d  v i s c o s i t y  c o e f f i -  

c i e n t s  fo r  the  i on i c  c o m p o n e n t  of a p a r t i a l l y  i o n -  
i z e d  gas  rJki h a v e  the  f o r m  [1,6] 

)]o z a/~O)i~:iBTIo ~ 
~h ~ (B) = Th i (2B) = 1 + Wgo~#q~B2 ' ~3i = 

s3 (1 + s) 
~10 i lz=l ~ (1 --  ,) + 8 (i + s~) " 

The  s y s t e m  (1.2), (1.6), (1.7) i s  c l o s e d  by M a x -  
welY s e q u a t i o n s  

OBx OE v OB v OEx OB u 
- -  G - -  - - G  _ _,~RmGi- 

at  Oz ' Ot Oz ~ Oz 

(1.8) 

We note ,  in conc lus ion  to  the  above  pa r ag raph ,  t ha t  i f  we h a v e  

E x = Ey -= 0, in (1.6), then  for s ~ 1 the  cur ren t  jy  (and Jx for Px = 0) 

appears  as a result  of  the  " s l ipp ing"  of  ions r e l a t i v e  to  neut ra ls ,  which  

occurs  for ~oir ia  _> 1. In this case ,  we t ake  in to  a c c o u n t  the  con t r i -  

bu t ion  to  the  cur ren t  d e t e r m i n e d  by  t e rms  wi th  v e l o c i t y  de r iva t ives .  

However ,  i t  is not  d i f f i cu l t  to show, wi th  the  aid of e s t ima te s  (1.4)  

and  (1.8),  tha t  the  coe f f i c i en t s  ~s and s~ s - ~s i, wh ich  appea r  as 

factors  in front of the  viscosi ty  t e rms  in (1.6), are  s m a l l .  A c t u a l l y ,  

s a  ~ 1 r ight  up to h igh  degrees  of  i o n i z a t i o n  (s ~ 0.9),  which  is ex -  

p l a ined  b y  the  p r e d o m i n a n t  i n f l uence  o f  t he  neu t r a l  c o m p o n e n t  o f  t he  

m i x t u r e  on the  viscosi ty  [6]. We see f rom (1.3)  tha t  in this i n t e rva l  o f  

va r i a t i on  of degree  of i o n i z a t i o n  the  v a l u e  of  T] s is sma l l .  With fur ther  

i nc rease  o f  s the  quan t i t y  ~a fai ls  sharp ly  to zero  for s = 1, but  for 

s ~ 1 al l  the  parts  of  O h m ' s  Iaw assoc ia t ed  wi th  t h e  ion " s l i pp ing"  

e f fec t  are s m a l l .  An e s t i m a t e  of  the  coe f f f i c i en t  ~ - ~s i for Z = 1, 

g = 10 -8 shows tha t  its m a x i m u m  va iue  for wir iB = 0 .75 does not  

e x c e e d  ~ 5 . 1 0 - 4  Thus, in the  p r o b l e m  under  cons ide ra t ion ,  the for -  

m u l a s  (1.6)  m a y  be cons ide red  as a p p r o x i m a t e l y  a2gebra ic ,  if  we n e -  

g l e c t  the  i n f l uence  of  the  v e l o c i t y  d i f f e ren t i a l  on  the  cu r ren t  in O h m ' s  
l aw.  * 

*It does not  fol low f rom wha t  has been  sa id  tha t  it  is a lways  
possible  to n e g l e c t  the v iscos i ty  t e r m  

2 (t - -  s) 03iIia(%TO 
B2 (s d iv  n - -  d iv  ~i) • B 

in Ohm' s  law.  
i 

For e x a m p l e ,  the  c o e f f i c i e n t  s~0 - 70 for Z = 1, ~ = 10 .3 turns 

out  to h a v e  a m a g n i t u d e  N s r ight  up to s N .0.9. S imi l a r ly ,  the  viscous 
1 

t e r m  is not sma l l  i f  the  d i f fe rences  s~ 1 - ~1 or st72 -- ~ 1  en te r  in to  
O h m ' s  1 ave. 
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2. S teady  f low. In  the  s t a t i o n a r y  c a s e  (0/0t  = 0) 

the  f i r s t  two e q u a t i o n s  of (1.2) c a n  be  i n t e g r a t e d  

0 

t t ~n~ ] d z  

0 

B~ (-{- t ) - - B ~  ( - - l )  = R~GI~ = 2k,  

B ~ ( +  ! ) -  Bu (--1) = - - R , ~ G L :  = 2ks 
(2.7) 

w h e r e  I x and  Iy a r e  the  c o m p o n e n t s  of the to ta l  c u r -  
r e n t  on the  eood ina te  axe s .  F r o m  (2.7) it  fo l lows 
tha t  in  o r d e r  to d e t e r m i n e  the a r b i t r a r y  c o n s t a n t s  
b~ and  b 2 i t  i s  s u f f i c i e n t  tha t  the  m a g n e t i c  f ie ld  on 
one of the  w a l l s  be  g iven .  F o r  e x a m p l e ,  c o n s i d e r -  
i n g  the  uppe r  p la te  as  an i n s u l a t o r  and  g iv ing  i t  an  
e x t e r n a l  u n i f o r m  f ie ld  d e s c r i b e d  by the  f o r m u l a s  

(2.1) 

w h e r e  the  a r b i t r a r y  c o n s t a n t s  C i, C2, C3, and  C4 
m u s t  be  d e t e r m i n e d  for  Px  ~ 0 f r o m  the  b o u n d a r y  
c o n d i t i o n s  

u~ ( +  l) = u~(:k  ~) = 0 (2.2) 

and  for  Couet te  flow (Px = 0) f r o m  the  c o n d i t i o n s  

u~ (1) = t, u: ( - -  1) = uu (•  t) = 0. (2.3) 

It  i s  no t  d i f f icu l t  to s ee  tha t  h e r e  the e l e c t r o d y -  
n a m i c  p r o b l e m  b e c o m e s  s e p a r a t e  f r o m  the  h y d r o -  
d y n a m i c ,  and  one m a y  r e g a r d  the d e p e n d e n c e s  
B x (z) and By(z )  as  g iven .  Ac tua l ly ,  f r o m  M a x -  
w e l l ' s  f i r s t  equa t i on  (1.9) and  the  b o u n d a r y  c o n -  
d i t ion  of c o n t i n u i t y  of the t a n g e n t i a l  c o m p o n e n t s  
of the  e l e c t r i c  f ie ld  s t r e n g t h  v e c t o r  we have  

Ex = Eo~ = const, E~ ----- E0,~ = const , (2.4) 

w h e r e  E0x and  E0y a r e  the  d i m e n s i o n l e s s  c o m p o -  
n e n t s  of the  g iven  e x t e r n a l  e l e c t r i c  f ield�9 In a d -  
d i t ion ,  on ly  v e l o c i t y  d e r i v a t i v e s  e n t e r  in to  the c o m -  
p o n e n t s  of O h m ' s  l a w  (1.6), and  e x p r e s s i o n s  for  
t h e s e  a r e  known f r o m  (2.1) t h ro u g h  B x and  By. Thus, 
r e p l a c i n g  Jx and  jy  An (1.6) by d e r i v a t i v e s  of B x and  
By f r o m  M a x w e l l ' s  s e c o n d  e q u a t i o n  (1.9) and  the  
t r a n s v e r s e  p r e s s u r e  d i f f e r e n t i a l  d p / d z  by  the t h i r d  
e q u a t i o n  of s y s t e m  (1.2), and  e l i m i n a t i n g  the  v e l o c -  
i ty  d e r i v a t i v e s ,  we  ob t a in  for  Bx(Z) and  By (z) a 
s y s t e m  of two n o n l i n e a r  e q u a t i o n s  of the  f i r s t  o r d e r .  
T h e i r  s o l u t i o n  for  the a p p r o p r i a t e  b o u n d a r y  c o n -  
d i t i ons  g ives  the  ful l  s o l u t i o n  of the p r o b l e m  u n d e r  
c o n s i d e r a t i o n � 9  The s y s t e m  a s s u m e s  a v e r y  s i m p l e  
f o r m  for  the  c a s e  of a fu l ly  i o n i z e d  m e d i u m  (s = 1) 

dBz = R~GEo~ = k~ = const ds 
(0e~0 

= = oon  . 

(z=l) (2.5) 

F r o m  which  

B:~ = k i z  + bl, Bu = k~z + be �9 (2.6) 

H e r e  the  m a g n e t i c  f ie ld  c o m p o n e n t s  a r e  l i n e a r  
o v e r  the  c h a n n e l  c r o s s  s e c t i o n ,  and,  m o r e o v e r ,  the 
c o e f f i c i e n t s  k~ and  k 2 a r e  d e t e r m i n e d  by  the  c o n s t a n t  
c u r r e n t s  f lowing  in  the  c h a n n e l .  I n t e g r a t i n g  M a x -  
w e l l ' s  s e c o n d  equa t ion ,  we ob t a in  

B0~ = cos q~, B0~ = sin q~, (2.8) 

w h e r e  q~ i s  the  ang le  b e t w e e n  the d i r e c t i o n  of B 0 and  
the  x ax i s ,  we f ind 

b i = cos@ - -  ki, b~ = sinq~ - -  k s. (2.9) 

We se t  V~ and  #2 f r o m  f o r m u l a s  (1 .3 ) fo r  s =1 in  
(2.1), and  a l so  Bx(Z) and  B (z) f r o m  f o r m u l a s  (2.6); 

Y 
t h e n  i n t e g r a t i n g  and  d e t e r m i n i n g  the a r b i t r a r y  c o n -  
s t a n t s  C~, C2, C3, and  C~ wi th  the he lp  of b o u n d a r y  
c o n d i t i o n s  (2.2) and  (2.3), for  the ve loc i t y  c o m -  
p o n e n t s  of a fu l ly  i o n i z e d  m e d i u m  we ob ta in  

1) for  Couet te  flow 

u~(z) = :/~ [ A : ( t - t -  z) + A 2  ( t - -  z e) + A s ( t  + z~)] 

u~ (z) = :/~ [i - -  z ~] (.4 4 + A~z) (2.10) 

2) for  flow due to a c o n s t a n t  p r e s s u r e  d i f f e r e n t i a l  

ux ( z )  = 1/ ,PxR (l  - -  z s) (D i ~- Dez  + DSz s) (2.11) 
uv (z) = V,P,~R (t - -  z s) (D4 + D~z + D6z ~) 

The d e p e n d e n c e  of c o n s t a n t s  A k and  D k on the 
a n i s o t r o p y  p a r a m e t e r  for  v o s c o s i t y  COlT i i s  g iven  
by  the  f o r m u l a s  

A~ = A-~ {1 + ~is~i 9 [83 + (% h + ~ ) l  + 

4-  COi4"gi 4 [0~a (1/3~I 4- ~S) -- "~8 (i/aTl + 3"3}]} 

A9 = - -  :/~ r -1 {~s 4- ~0is~i 2 [a~ (Vs ~: 4- ~9) - -  79 (I/2 ~;: + Y~fl} 
A3 = 1/3 ~oigTdA-1 {al + coded [81 (1/s ~: + ~s) --  ~: (~/s ~l + T~)]} 
As = 1/2 oig*i S A -1 {T2 + ois*i S [~ (V3 ~l 4- ~3) - -  ~s (1/3 qa + ~)1} 
A5 = ~/~ a~isZ~A -i {Ti -- ~OigSis (~3"a -- ~Ti)} 
D: = t 4- ~ i  2 (:h~i 4- as) --  yacoi~dh-i {~9 4- Y2 S § ~0d:i 9" 

�9 [82 = 0/s $1 4- ~3) -- 289~ (i/~ la 4- ~s) 4- ~s 2 (Vsai 4- as)l} 
1)2 = 2/SO)i8"gSiA -1 {(~S 4- 01i211i2 [~SC~a 4- (23 (1/3 ~1 4- ~8) - -  1/S ~1~(2] 4- 

4- ~0&d [~sas ( %  ~l 4- ~3) 4- i/3:';s (al~:~ - -  8371) - -  as'~s (V3 ~i 4- ir~)]} 

�9 [--(~3~s+~ 9) (Vs~+~s) + ~9~3 (Vs ~t 4- ~a) 4- ~s~s (V~ h 4- ~)]} 

D~ = i/~ mi~vis~l,  /99 = - -  i]s eli~I'i~'~i 

A = t 4 -  O)iSri 9 [(i/S:~i 4- eta) 4- (i/9 ~i 4- (~3)] 4- 

-t-'~0d~d [(Va al § as) (% ~i 4- ~s) - -  (1/3 "ri 4- -;.)s], ( 2 . 1 2 )  

F i n a l l y ,  the c o n s t a n t s  ~k ,  flk and  Tk have  the  f o r m  

cK = 4/9 (kl S 4- 4ks~), 89 = s/9 (klbl 4- 4ksbs), cts = 4/9 (hi2 ~ 4bs 9) 
~1 = % (4kl ~ ~- _ks2), ~2 = s/9 (4klbl 4- ksb2), ~3 = 4/9 (4bl S 4- b2 S) 

"rl = 4/s klks, T9 ~ a/a (klb~ @ ksbl), T3 = 4/a b ib2  (2.13) 

A s s u m i n g  COlT i 4 : 1  ( absence  of v i s c o s i t y  a n i s o -  
t ropy) ,  we ob t a in  f r o m  (2.10) and  (2.11), r e s p e c t i v e -  
ly,  
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u~ = % (1 + z),  u~ = O; u~ = ~/~ Pd~ (1 - -  z~ uy _~ O, 

i . e . ,  the  o r d i n a r y  h y d r o d y n a m i c  m o d e s .  
It  shou ld  a l s o  be  no t ed  tha t  if ,  in the  c a s e  u n d e r  

c o n s i d e r a t i o n ,  one  of  the  m a g n e t i c  i n d u c t i o n  v e c t o r  
c o m p o n e n t s  i s  equa l  to  z e r o ,  t hen  the  e f f e c t  a s s o -  
c i a t e d  wi th  t r a n s v e r s e  m o t i o n  of the  m e d i u m  d o e s  
no t  o c c u r .  Ac tua l ly ,  i f  kl ,  b 1 o r  k2, b 2 v a n i s h  s i m u l t a -  

n e o u s l y ,  t hen  T1 = T2 = 7~ = 0, w h e n c e  A 4 = A 5 = D 4 = D5 = 
= D 6 = 0 and Uy - 0 .  F o r  e x a m p l e ,  kl = b  i = 0, w h e n  

Eoy = 0  and  q~ ='~r/2. H o w e v e r ,  in t h i s  c a s e ,  t a k i n g  
in to  a c c o u n t  the  v i s c o s i t y  a n i s o t r o p y  r a d i c a l l y  d i s -  
t o r t s  the  h y d r o d y n a m i c  v e l o c i t y  p r o f i l e s .  

3. N o n s t e a d y  f low.  When f o r m u l a t e d  e x a c t l y ,  the  
n o n s t a t i o n a r y  p r o b l e m  is  c o m p l i c a t e d  to i n v e s t i g a t e .  
It  does ,  h o w e v e r ,  a d m i t  of  a s i m p l e  e x a c t  s o l u t i o n  f o r  
the  c a s e  of  a fu l ly  i o n i z e d  m e d i u m .  In fac t ,  e l i m i n a -  
t i n g  the  c o m p o n e n t s  of c u r r e n t  d e n s i t y  and e l e c t r i c  
f i e l d  f r o m  O h m ' s  l aw (1.6) fo r  s =1 wi th  the  h e l p  of  
M a x w e l l ' s  e q u a t i o n s  (1.9), we ob ta in  the  f o l l o w i n g  
i n d u c t i o n  e q u a t i o n s  : 

aB~ t O~B~ OB v t ~B v (3.1) 
Ot - -  R m Oz2 ' Ot Rrn Oz 2 " 

If, f o r  s i m p l i c i t y ,  we c o n s i d e r  tha t  the  t o t a l  c u r -  
r e n t s  t h r o u g h  the  channe l  c r o s s  s e c t i o n  a r e  e q u a l  to  
z e r o ,  then  on the  b a s i s  of  (2.7) we m a y  put  the  
b o u n d a r y  and i n i t i a l  c o n d i t i o n s  in the  f o r m  

B~ (z, 0) = B~ (•  1, t) =/~o~ = cos r 

B v (z, 0) = Bv (•  1, t) = B0, = sin q~, 
(3.2) 

from which we have at once that the magnetic field 

is identically equal to the homogeneous external 

field. From Eqs. (1.2), assuming s =i, B = i, we 

then obtain 

R Oux ~ ~ ~ff-  - -  Uh sin~ q~ + ~lmcos ~ q~) ~ + 

OeUy 
2f_ (~h - -  ~1") sin q) cos q) -~z~- = P.~R 

Ouy 6~u x B ~ -  + (~b: - -  ~]~) sin q) cos q~ az~ 

a~% 0 .  - -  (~h cos~ q~ + ~h s in~ q~) ~ = 

(3.3) 

w h e r e  

t i 
I]I -- I + i% (0i~zt~ ' ~l~ i "- % o~av#  " (3.4) 

S y s t e m  (3.3) m a y  be  s o l v e d  fo r  a r b i t r a r y  ~v 
u s i n g  a L a p l a c e  t r a n s f o r m .  H o w e v e r ,  fo r  ~ = 0 ( m a g -  
n e t i c  f i e l d  p a r a l l e l  to the  d i r e c t i o n  of  t he  e x t e r n a l  
f o r c e  c a u s i n g  the  mot ion ) ,  q~ = 7~/2 ( m a g n e t i c  f i e ld  

p e r p e n d i c u l a r  to  th i s  f o r c e ) ,  and r = 7r/4 t h e  s y s t e m  
has  s i m p l e  s o l u t i o n s .  Indeed ,  f o r  r = 0 o r  ~v = ~r/2 

the  s y s t e m  (3.3) a s s u m e s  the  f o r m  (1.5), but  wi th  an  
e f f e c t i v e  R e y n o l d s  n u m b e r  R* 

[ R F  = B/ql  fo r  ~ = 1/v~ 
B* 

R~* = B/~l~ fo r  q0 = 0 .  (3.5) 

Thus, the solution of the Couette problem for 

boundary conditions (2.3) and a homogeneous initial 

condition has the form 

eo 

u~ (z, t) I +2 z ~ (-~P~ cos ~.,,z exp - i ~ ' ? t ,  u,, ~ 0 

Gn = ~/~ (2n + i) ~). (3.6) 

It is  c l e a r  f r o m  (3.6) tha t  a h o m o g e n e o u s  m a g -  
n e t i c  f i e l d  m e r e l y  d e l a y s  the  f o r m a t i o n  of the  s t a -  
t i o n a r y  m o d e  b e c a u s e  of the  l e s s e n i n g  of  the v i s -  
c o s i t y  of  the  m e d i u m  when  the  e f f e c t  of a n i s o t r o p y  
of v i s c o s i t y  i s  t aken  into  a c c o u n t ,  and i t  a l s o  fo l lows  
f r o m  (3.4) and (3.5) tha t  a m a g n e t i z e d  m e d i u m  

w i t  i >> 1 wi l l  have  v e r y  low v i s c o s i t y .  
S i m i l a r l y ,  fo r  f low r e s u l t i n g  f r o m  a c o n s t a n t  

p r e s s u r e  d i f f e r e n t i a l  Px  we have ,  fo r  h o m o g e n e o u s  
i n i t i a l  and b o u n d a r y  c o n d i t i o n s ,  

~=0 ~ cos t~z exp ~ -  

U~ =_ 0 (3.7) 

H e r e  the  l e s s e n i n g  of the  v i s c o s i t y  of  the  m e d i u m  
in a s t r o n g  m a g n e t i c  f i e ld  a l s o  a f f e c t s  the  s t e a d y -  
s t a t e  m o d e  and is  a c c o m p a n i e d  by a g e n e r a l  i n c r e a s e  
of  v e l o c i t y  o v e r  the  channe l  c r o s s  s e c t i o n  fo r  v a l u e s  

of  wi r  i wh ich  a r e  not  s m a l l .  

F i n a l l y ,  f o r  ~9 = 7r/4 s y s t e m  (3.3) c a n  a l s o  be  
t r a n s f o r m e d  to the  f o r m  (1.5) by the  s u b s t i t u t i o n  

u~ = G (v~ + v~), u ,  = ~J'~ (v~ - v2) ( 3 . 8 )  

w h e r e  (3.3) i s  r e w r i t t e n  as  

Oh,2 i 0~5'~-- Px (3.9) 
Ot R~a az~ * 

Thus ,  in the  Coue t t e  p r o b l e m  we h a v e  

co 

ux(z, t) = i+z2 ~ ~ c o s ) ~ z  exp q- exp-x~2 ,  } 

O9 

u,(z, t )=  ]~ (-i)~ I -~,,~ -~,,,t'~ (3.LO) 

in the  p r o b l e m  wi th  a c o n s t a n t  p r e s s u r e  d i f f e r e n t i a l  

co 

u~ (z,  t) = G(RI*  + R,*) ( i  ~ ( - i p  4 - - -  z2) - -  p:r - -  cos ~,~z • 
n~=o ~ n  a 

co 

u ,  ( z ,  t )  -- P a l ; h *  - -  R2*) (I (--IF 4 - - -  z'~) + P~ ~ ~ cos.~,~z • 
n ~ o  ?z 

x (RF ,xp (3.11) 
n l  R 2 *  ) " 

In conclusion, we note that if conditions exist 

such that one may neglect the induced magnetic 

field in comparison with the given uniform external 

field, then the solutions given for system (3.3) are 

valid in the zero-th approximation even for s ~ 1, 

only (1.3) must be used instead of (3.4). We shall 

find these conditions, and to do this we turn to the 
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equat ions  of the p rob lem in d imens iona l  notat ion 
(1.1). Assuming  B = B 0 + B*(z, t) {where B 0 = const  
is  the ex te rna l  field,  and B* is  the induct ion field),  

w e  see  f r o m  MaxwellVs second equat ion that  B* ~ 
~ P0aj. To d e t e r m i n e  the c h a r a c t e r i s t i c  quant i ty  j 
we e s t i m a t e  the r e l a t i v e  contr ibut ions  to the con-  
duction c u r r e n t  made  by the e l e c t r i c  and n o n e l e c -  
t r i c  f o r c e s  in Ohmts law. 

, eEoa ~ . o)iG (1 + z~) B~0E (t + Ls )  ~ = (l § Ls)  Z S -  
Z so.) e'~ o V p 

Zspe~'~o V p  ~ oU~ E ~ Eo, 
~0 tr~emi ~ a 

E0 

Since we a r e  cons ide r ing  a slow p r o c e s s  (p = 
= const) ,  i t  i s  obvious  that  the cont r ibut ion  to the 
conduct ion c u r r e n t  f r o m  the p r e s s u r e  g rad ien t  wi l l  
be of the s a m e  magni tude as the cont r ibut ion  f rom 
the e l e c t r i c  fo rce  only in v e r y  weak e l e c t r i c  f ie lds .  

F o r  example ,  for  12 = 1 sec  -1 and ~ i / Z  ~108 

sec  -1 (B 0 = 104 G) we should have G ~ 10 -8 (for U 0 = 
= 1 m / s e c  we have E 0 ~ 108 V/m) .  

F o r  va lues  of E, which a r e  not s m a l l  the t e r m  
c V p in Ohm's  law may  be neg lec t ed  r e g a r d l e s s  of 
s (in the c a s e  under  cons ide ra t ion  the u • B f ie ld  
does not en t e r  into the equat ions  fo r  the current ' ) .  In 
addi t ion to this ,  on c o m p a r i n g  the j t e r m  in O h m ' s  
law with the s l ip  c u r r e n t  B • (j • B), we see  that  

the l a t t e r  is  2 (1 - s)2w i~ia~v e 70 t i m e s  g r e a t e r  than 
the f o r m e r  and for  s ;~ 1 and ~0i~-ia -> O (1) W e ~ o / ~ i ' r i a  ~ 

~ ~ >> 1 is the d e t e r m i n i n g  fac to r  (in a cop lanar  
magne t i c  f ie ld  the Hall  c u r r e n t  does not have a c o m -  
ponent in the plane of flow). Thus for  an e l e c t r i c  f ie ld  
which is not v e r y  weak wiG/Z~2 >> 1 s ~ 1 and w i ~ ' i a  >- 

_> O (1); f r o m  the e s t i m a t e s  which have been made we 
find 

~oEo B ,  ~ RmG 
] ~ 2 ( l  - -  s p  r ' 2 ( l  - -  s)2 C%~oCO:~ a B 0 "  ( 3 . 1 3 )  

Hence B* << B o, if 

TlmG 
2 ( t  - -  s)2o):ooyqa ~ t .  (3.14) 

Fo r  s = 1 the s l ip  c u r r e n t  van i shes ,  and we have 
RING<< 1 ins tead  of (3.14). 

If t h e r e  is no ex te rna l  e l e c t r i c  f ield,  and the in -  
duced f ie ld  E* is so s m a l l  that the c u r r e n t  is de -  
t e r m i n e d  by the p r e s s u r e  gradient ,  then 

Zs p Uo ~ 
2 (I --- s) ~ r ~ ~ + Zs _aBo ' 

B *  .--, Zs 
2 (1 + Zs) (l -- s)~ co~aII Bo 

(If = BoV~,opUo z) (3.1 5) 

We note that  for  the flow g e o m e t r y  under  cons id -  
e r a t i on  the t e r m  V p • B is d e t e r m i n e d  by the c u r -  
r en t  and is e l imina t ed  f r o m  OhmVs law with the aid 
of the equat ion of motion.  

F r o m  (3.15) we have B * ~ B o  for  s : 1 i f  

Zs 
2 (1 + zs)  (1 -- s)~ o)(QaLl ~ 1. {3,16) 

M o r e o v e r ,  i t  fol lows f r o m  (3.12) that one mus t  a l so  
r e q u i r e  that  

E *  .(~ rniUo ~ 
~ "  (t + Z~)ea" {3.17 ) 

Since h e r e  in the nons ta t ionary  case  Ex* and 
Ey* ~ UoB*, f rom (3.17) and {3.15) we obtain the 
condit ion supp lemen ta ry  to (3.16), ensu r ing  the 
s m a l l n e s s  of E* 

8Tia-1 
2(1 -- z)~rI~ ~ t .  (3.18) 
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